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LECTURE 3 O

Surface integrals

30.1 Surface area & parametric representations

Definition 30.1 (Surface area). Consider a surface o of the form z = f(x,y) defined
over aregion R in the xy—plane. Assume that f has continuous first partial derivatives
at the interior points of R. Then, the surface area of o is given by
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Figure 30.1: Surface area.
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Example 30.1. Find the surface area of that portion of the surface z = V4 — x? that lies
above the rectangle R in the x y—plane whose coordinates satisfy0 < x <1 and0 < y < 4.

Figure 30.2: Surface x* + y> =4

Solution. As the surface is a portion of the cylinder x? + z? = 4 the surface area is

2
S = ff\/% + 6_ +1dA= ff\/ +0+1dA
4 x2
= dxd 2/ sin 1(—x) d
//0 V4 - x? V= 2 x=0 Y

4,
4

2/ —dy=—m.
o 6 3

30.1.1 Parametric representation of surfaces

A surface in R® can be represented parametrically by three equations involving two
parameters, say
x=xu,v), y=ywv), z=z(uv).

Constant v-curve

v constant \\ Constant

- | u-curve

u /
X

Figure 30.3: Constant u and constant v—curves

z
u constant
P

¥

Indeed, if we fix a parameter, say u then the curve x = x(u, v), y = y(u, v) depends
only on v and is called a constant u—curve. Similarly, if we fix a v then the curve
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x = x(u,v),y = y(u,v) depends only on u and is called a constant v—curve. These
curves altogether form the surface; see Figure 30.3.

Example 30.2. Consider the paraboloid z = 4 — x*> — y?. One way to parametrize this
surface is to take x = u and y = v; as the parameters, in which case the surface is repre-
sented by the parametric equation

xX=u, y=u, z:4—x2—y2.

We can also parametrize the surface using cylindrical coordinates. Let x = r cos®,

y = rsin@, thus z = 4—r?. Thus te paraboloid can be represented parametrically in

terms of r and 0 as
x=rcosf, y=rsind, z=4-r°

Notice that the suface z = 4 — x? — y? parametrized by
xX=u, y=v ,z2=4-u? -1
can also be written as
r=r(u,v) = ui + Uf+(4— u? — vz)lAc.
Thus, we can conclude that the parametric equations
x=x(u,v), y=ywv), z=z(uv)
can be expressed in vector form as
r=r(u,v) = x(u, V)i + y(u, v)f+ z(u, v)k.

Definition 30.2 (Principle normal).
If a parametric surface o is the graph of r = r(u, v), and if

at a point on the surface, then the principle unit normal vector to the surface at that
point is denoted by n orn(u, v) and is defined as

Oor Or
ou dv
= Tor ar"
_X—
ou Ov

Example 30.3. Find an equation of the tangent plane to the parametric surface

X=uv, y=u, z=1°

at the point whereu=2 and v = —1.
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Solution. We start by writing the equations in the vector form
r=uvi+uj+ v’k
The partial derivatives of r are

r s . Or 2 ~
—(Ww,v)=vi+j, —(Wv)=ui+2vk
ou ov

and at u =2 and v = —1 these partial derivatives are

ﬁ(z—l)——fﬁ ﬁ(2—1)—25—21%
ou U

Thus, the normal to the surface at this point is

ik
or or A
—@2,-Dx—@2,-)=| -1 1 0 |=-2i-2]-2k
ou ov

2 0 2

Since any normal will suffice to find that tangent plane, it makes sense to multiply this

vector by —— and use the simpler normal i + j + k. It follows from the given parametric
equations that the point on the surface correspondingto u =2 and v = -1is (-2,2,1)
so the tangent plane at this point can be expressed in point-normal form as

x+2)+(y-2)+(z-1)=0 or x+y+z=1.

Definition 30.3 (Area of parametric surfaces).
Consider a surface o over the region R in xy—plane with vector equation

r=r(u,v) = x(u, )i+ y(u, v)f+ z(u, v)k.

Assume thatr has continuous first partial derivatives at the interior points of R. Then,

=l

Example 30.4. Let x = u, y = ucosv, z = usinv represent the cone that results when

the surface area of o is given by

or 6r

_ X —

ou Gv

the line y = x in the xy—plane is revolved about the x—axis. Find the surface area of
the portion of the cone for which0 < u <2 and0 < v < 2.

Solution. The surface can be expressed in vector form as

r=uf+ucosvf+usinvk, O=su=<2,0<sv=<2n
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This,
L4 j+sinvk or invj+ k
— =i+cosvj+sinvk, — =-usinvj+ ucosvk.
ou J ov ]
i i k
Oor or 1 . 2 2 . I%
— x— = =ui—-ucosvj—usinvk.
T cosv sinv osvj
0 —usinv ucosv
Oor Or -
— x —| =V U2+ (—ucosv)2 + (—usin)2 = |u|vV2 = uv2
ou Ov
Thus
ar 27
f/ —x—dA / /\/Eududv 2\/_/ dv=41V2.
ou Ov

30.2 Introduction to surface integrals

The relationship between surface integrals and surface area is much the same as the
relationship between line integrals and arc length.

We start with parametric surfaces and deal with the special case where o is the
graph of a function of two variables.

Suppose a surface o has a vector equation

r(u,v) = x(u, v)f+ y(u, U)f+ z(u, v) lAc, (u,v) € D.

Assume that the parameter domain D is a rectangle and we divide it into sub-rectangles
R;j with dimensions Au and Av.

We evaluate f at a point P;‘j in each patch, multiply by the area Ag;; of the patch,
and form the Riemann sum

||M§

n
Z j)AO'ij.

Then, we take the limit as the number of patches increases and define the surface
integral of f over the surface o as:

f fo foy,2dS= lim 3 3 f(P;)Aci;.

i=1j=1

30.2.1 Interpretation of surface integrals

Let us see what does it mean to integrate a function along a surface.
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(x5 yh zD)
g Area A5,

oy

o

Figure 30.4: Partitioning of a surface into patches

Suppose a thin sheet (say, aluminum foil) has a shape of a surface o. Let the den-
sity (mass per unit area) at the point (x, y, z) be f(x, y,z). Then, the total mass of the

sheet is
M=[f f(x,y,2)dS
g

When f(x,y,2) =1, then
M=ffd5: lim Aoy =S.
o m,n—oo

30.3 Evaluating surface integrals

Theorem 30.4. Let o be a smooth parametric surface whose vector equation is
r(u,v) = x(u, v)i + y(u, v)f+ z(u, )k, (u,v)eD

where (u, v) varies over a region R in the uv—plane. If f(x,y,z) is continuous on o,

then
ff f(x,y,z)dS=ffRf(x(u,v),y(u,v),z(u,v))

Example 30.5. Evaluate the surface integral f f x%dS over the sphere x* + y* + z* = 1.
o

Oor Or

_ X —

dA.
ou Ov

Solution. ASr(¢,0) =sin¢cos@i+singsindj+cospk, ,where0<¢p<m,0<0<2r,

and
or

ou Ov

From the —component of r, the integrand in the surface integral can be expressed in

terms of ¢ and 0 as x? = sin? cos® 6. Thus, it follows that

2 2 20, 0r  Or S 2
ff x“dS ff (sin“¢pcos“ ) | — x —|dA= sin” ¢pcos“0dpdo.
o R ou OJv 0 0

2 b3 2
/ [/ sin® pd¢ c0329d9.:/
0 0 0

4 27 4 27
—/ cos’>0do = -
3 /o 3

1 /A
3 cos’>p—cos¢p| cos’0d6
0

4

1 1
-0 + —sin20
27 4 0
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In the case where surface o is of the form z = f(x, y), we cantake x = u and y = v
as parameters and express the equation of the surface as r = ui+v f + g(u, v)IAc. In

EREE
B 0x oy

0z )2 0z\%
ffof(X»y,Z)dS—ffl?f(x,y,g(x,y))\/(a) +(@) +1dA.

Therefore, we have the following theorem .

which case

Oor Or
— x —_—
ou Ov

Thus

Theorem 30.5.

1. Leto besurface with equation z = g(x, y) and let R be its projection over x y—plane.
If g has continuous first partial derivatives on R and f(x,y, z) is continuous on

o, then
0z\% 0z\%
f/af(x,y,Z)dS—fﬁf(x,y,g(x,y))\/(a) +(@) +1dA.

2. Leto besurface with equation y = g(x, z) and let R be its projection over xz—plane.

If g has continuous first partial derivatives on R and f(x,y, z) is continuous on

[ff(x z)dS—fff(x (x,2),2) (6—)2+(a—y)2+ldA
o ,y) - R )g ) ’ ax aZ .

3. Leto besurface with equation x = g(y, z) and let R be its projection over yz— plane.
If g has continuous first partial derivatives on R and f(x, y, z) is continuous on

o, then
0x\> (0x)\?
ffaf(x»y,Z)dS—ffRf(g(y,Z),y,Z)\/(@) +(6_z) +1dA.

Example 30.6. Evaluate the surface integral f f xzds where o is the part of the plane
g

o, then

X+ y+z=1 that lies in the first octant.

Solution.

The equation of the plane can be written as z = 1 — x — y. Consequently, with
z=g(x,y)=1-x—-yand f(x,y,z) = xz. We have

0z 0z
— 1 —

=1 ==-1,
0x oy
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Figure 30.5: The part of the plane x + y + z = 1 that lies in the first octant.

SO

17xmﬂ9217xﬂ—x—yhﬂ—D2+GJF+ldA
R

where R is the projection of o on the xy—plane. Rewriting the double integral as an
iterated integral yields

([ svas

1 1-x
\/?_)/ / (x—xz—xy)dydx
0o Jo

1 £12 1-x
= \/§/ xy—xzy—T dx
0 y=0
1 2
= \/§/ T ax
0 12 2
2 3 441
Y ESE S o R
4 3 8], 24

O

Example 30.7. Evaluate the surface integral f f y*z°dS, where o is the part of the cone
o
z=+/x?+ y? that lies between the planes z =1 and z = 2.

s

Figure 30.6: The part of the cone z = y/x? + y? that lies in the between the planes z = 1
and z=2.
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Solution. We have

z=gx,y)=\/x*+y?> and f(x,y,2) :y2z2

Thus
02 X d Bo_ v
ax_\/x2+y2 ay—\/x2+y2.
So,
0z\> (0z)?
— —| +1=V2,
\/(Ox) +(6x) " v2
yields

V2dA= \/_ffy(x +y3)dA

[[pzos- (]

where R is the annulus enclosed between x? + y? = 1 and x? + y? = 4. Using the polar

coordinates to evaluate this double integral over the annulus R yields

ff y*z%dS

27 2
\/5/ / (rsin®)®(r®>)rdrd6
0 1

21 2
= \/5/ / rosin0drdo
0 1
27 1 16 2
= \/5/ [—sinze

do
r=1
21
= —/ sin®0do
2T 21w
= 0——3 26] =—.
\/_ 4 0o V2

30.3.1 Piecewise smooth surfaces

If o is a piecewise-smooth surface i.e. a finite union of smooth surfaces 01,02, ,0,
that intersect only along their boundaries, then the surface integral of f over o is
defined by:

ff(x,y,z)dS:f f(x,y,z)d8+f f(x,y,z)dS+---+f f(x,5,2dS

Example 30.8. Evaluate f f zds where S is the surface whose: side S; is given by the
S

cylinder x> + y* = 1, Bottom S, is the disk x*> + y* < 1 in the plane z = 0. Top Sz is the
part of the plane z = 1 + x that lies above S;.

Solution. For S;, we use 8 and z as parameters and write its parametric equations as

0<60<2m, 0<z<l+x=1+cos0.
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N |
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Figure 30.7: Surface whose: side S; is given by the cylinder x? + y* = 1, Bottom S; is
the disk x? + y? < 1 in the plane z = 0. Top Sz is the part of the plane z = 1 + x that lies
above S,.

Therefore,
i ik
rgxr,=| —sin@ cos® 0 |=cosfi+sinfj
0 0 1
and

Irg x 7l = V cos26 +sin?6 = 1.

Thus the surface integral over S is

21 cosf
ff zdS ff zlrgxrzldA=/ / zdzd0
51 D 0 0

1+
27 1 27 1
/ (1+cos(9)2d8=—/ 1+2cosO+ —(1+cosf)|do
0 2 /o 2

27 37.[

3 1
—0 +2sinf + —sin260 .
2 4 o 2

Since S, lies in the plane z = 0, we have,

[[ zas= [] oas-o.

The surface S3 lies above the unit disk D and is part of the plane z =1+ x. So,
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taking g(x, y) = 1 + x in converting to polar coordinates, we have

B = o) 5

27 1
/ / (1+rcos@)vV1+1+0rdrd6
o Jo

27 1
\/5/ / (r+ r? cosOdrdo
0 0
27T 1 1
\/5/0 3 + 3 cosH) do

0 sinf
2| -+ —
\/_[2 3

21

=V2n

0

Finally, we have

ffzdS:ff zds+ff zds+ff zds:s—ﬂ+0+\/§n=(?—)+0+\/§)ﬂ.
S S S, Ss 2 2

30.4 Oriented surfaces

Most surfaces that we encounter in applications have two sides e.g. a sphere has an
inside and an outside.

There exist mathematical surfaces with only one side e.g. Mobius strip, which has
only one side in the sense that a bug can traverse the entire surface without crossing
an edge.

A sphere is two-sided in the sense that a bug walking on the sphere can traverse
the inside surface or the outside surface but cannot traverse both without somehow
passing through the sphere.

-

Figure 30.8: One sided surfaces: Mobius strip:

Definition 30.6 (Orientable surfaces).

A two sided surface is said to be orientable and a one sided surface is said to be
nonorientable.
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If o is an orientable surface that has a unit normal vector n at each point. Then,
the vectors n and —n point to opposite sides of the surface and distinguish between the
two sides.

Ifo is a smooth orientable surface, then it is always possible to choose the direction
of n at each point so thatn = n(x, y, z) varies continuously over the surface.

These unit vectors are said to form the orientation of the surface.

If S is a smooth orientable surface given in parametric form by a vector function
r(u, v), then it is automatically supplied with the orientation of the unit normal vector

ry Xry

1y x 1y

where

We call this the positive orientation of the parametric surface and we say that n points
in the positive direction from the surface.

30.5 Flux

Definition 30.7 (Flux).
The volume of fluid that passes through the surface in one unit of time. The flux of a
force F across as surface o with orientation n is the quantity ® defined by

:ff F(x,y,2) -n(x,y,2)dS.

Theorem 30.8. Let o be a smooth parametric surface represented by the vector equa-
tionr = r(u, v) in which (u, v) varies over a region R in the uv—plane. If the component
functions of the vector field F are continuous on o, and ifn determines the positive ori-

entation of o, then
Or
F(x,y, ,2)dS = —x—|dA
ff (6,2) nx.y,2) ff ( uxav)

where it is understood that the integrand on the right side of the equation is expressed
in terms of u and v.

Example 30.9. Find the flux of the vector field F(x, y, z) = zk across the outward ori-

ented sphere x> + y* + z° = a®.

Solution. The sphere with outward positive orientation can be expressed by the vec-
tor valued function

r(¢,0) = asinpcosOi + asingsinb j + acospk

where
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Therefore,

Oor Or

ap x 20 a’sin® ¢ cosOi + a®sin? psinf | + a® sinp cos pk.

Moreover, for the points on the sphere, we have F = zk = acos¢k. Hence,

(ar or

— x—|=d3si 2
6¢x09) a’sin¢gcos2¢

Thus, it follows with the parameters u and v replaced by ¢ and 0 that

[ 7-nas= (5553

0]

2n 7 27 3 T
= / / agsimpcosz(pd(pdeza?’/ _o8 ('b] ao
o Jo 0 3 o
3 r2n 3
N T
3 Jo 3
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